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Abstract. We generalize in this article the classical Sobolev’s and Sobolev’s trace
inequalities on the Grand Lebesgue Spaces under monomial weight instead the clas-
sical Lebesgue or grand Lebesgue Spaces.
We will distinguish the classical Sobolev’s inequality and the so-called trace
Sobolev’s inequality.
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1 Introduction. Notations. Statement of prob-
lem.
A. Classical Sobolev’s inequality.
The classical Sobolev’s inequality in the whole space Rm, see, e.g. [15], chapter
11, section 5; [35], [30], [32] etc. asserts that for all function f, f : Rm → R, m ≥ 3
from the Sobolev’s spaceW 1p (R
m), which may be defined as a closure in the Sobolev’s
norm
||f ||W 1p (R
m) = |f |p + |Df |p
of the set of all finite continuous differentiable functions f, f : Rm → R, that
|f |q ≤ Km(p) |Df |p, q = q(p) = mp/(m−p), p ∈ [1, m), q ∈ (m/(m−1),∞). (1.1)
Here m = 3, 4, . . . ;
1
|f |p = |f |p,m = |f |p,Rm =
[∫
Rm
|f(x)|p dx
]1/p
,
Df = {∂f/∂x1, ∂f/∂x2, ∂f/∂x3, . . . , ∂f/∂xm} = grad
x
f,
|Df |p =
∣∣∣∣∣∣
[
m∑
i=1
(∂f/∂xi)
2)
]1/2∣∣∣∣∣∣
p
.
The best possible constant in the inequality (1) belongs to G.Talenti [32], see also
[35]:
Km(p) = π
−1/2m−1/p
[
p− 1
m− p
]1−1/p
·
[
Γ(1 +m/2) Γ(m)
Γ(m/p) Γ(1 +m−m/p)
]1/m
.
B. Trace Sobolev’s inequality.
Let m,n = 1, 2, . . . , x ∈ Rm, y ∈ Rn, z = {x, y} ∈ Rm+n, u = u(x, y) = u(z) be
any function from the space W 1p (R
m+n).
We consider in this case only the so-called radial functions. In detail, we define
as usually for the vectors x = ~x = {x1, x2, . . . , xm} and y = ~y = {y1, y2, . . . , yn}
|x| =
(
m∑
i=1
(xi)
2
)1/2
, |y| =

 n∑
j=1
(yj)
2


1/2
and correspondingly
|z| = |(x, y)| =
(
|x|2 + |y|2
)1/2
.
Let us denote N = m+ n, (N ≥ 3); S[u](x) = u(x, 0),
∇u = {∂u/∂x1, ∂u/∂x2, . . . , ∂u/∂xm, ∂u/∂y1, ∂u/∂y2, . . . , ∂u/∂yn} =
{grad
x
u, grad
y
u}; |∇u|p = (| grad
x
u|pp + | grad
y
u|pp)
1/p.
We will denote the class of all the radial functions Rad = Rad(RN); u(·) ∈ Rad .
Notice that the operator S[u] is correct and continuously defined in the Lp(R
m)
in the following sense:
lim
|y|→0
|u(·, y)− S[u]|Lp(R
m) = 0,
see [3], chapter 5, section 24.
The following inequality is called the Sobolev’s trace inequality:
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|S[u](·)|q,m ≤ Km,n(p) · |∇u|p,N , q = q(p) = mp/(N − p), p ∈ [1, N). (1.2).
We will understand further under the constant Km,n(p) in the inequality (1.2) its
minimal value, namely:
Km,n(p) = sup
{[
|S[u](·)|q
|∇u|p
]
, u ∈ W 1p (R
m+n) ∩ Rad(RN),∇u 6= 0
}
. (1.3)
It is evident K(m, 0) = K(m).
More information about the constant Km,n(p) see, for instance, in the articles
[1], [21], [33], [5], [7], [18], [34], [8], [9], [19] etc., see also reference therein.
We intend in this article to extend the Sobolev’s inequalities into two
directions: on the case of monomial weight inequalities and into the so-
called Weight Grand Lebesgue spaces (WGLS).
We intend to show also the exactness of offered estimations.
The monomial Sobolev’s inequality (imbedding theorems) in the classical
Lebesgue-Riesz spaces Lp(R
N) with exact constant computation is obtained in the
article of Xavier Cabre and Xavier Ros-Oton [36]; see also reference therein.
Some preliminary results see in [38] - [41].
Many interest applications of these inequalities in the theory of PDE and in the
theory of function are also described in the source article [36].
Remark 1.1. ”However, in general the monomial weight does not satisfy the
Muckenhoupt condition A(p) and Theorem 1.3 cannot be deduced from these results
on weighted Sobolev inequalities, even without the best constant in the inequality;”
see [36].
We must introduce some new notations, following in the the majority [36]. Let
A = (A(1), A(2), . . . , A(m)) be m − tuple of non-negative numbers, briefly: A ∈
T (m). The monomial xA, x ∈ Rm, by definition, is a function of a form
xA = |x|A = |x1|
A(1) |x2|
A(2) |xm|
A(m) =
m∏
i=1
|xi|
A(i). (1.4)
The correspondent monomial measure µA on the whole space R
m may be defined
as follows:
µA(G) =
∫
G
xA dx; (1.5)
∫
f(x)dx
def
=
∫
Rm
f(x)dx.
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Definition 1.1. Let A,B ∈ T (m) be some m tuples, p, q = const > 0. If
there exists a finite positive constant, more exactly, function K = KA,B(p, q) on
(A,B; p, q) such that the inequality of the Sobolev’s form
(∫
|x|B |u(x)|q dx
)1/q
≤ KA,B(p, q) ·
(∫
|x|A |∇u(x)|p dx
)1/p
(1.6)
or equally L(u) = LA,B;p,q(u) :=
|u(·)|q,µB ≤ KA,B(p, q) · |∇u(·)|p,µA =: R(u) = RA,B;p,q(u) (1.6a)
there holds for arbitrary infinite differentiable function u = u(x), x ∈ Rm with
compact support: u(·) ∈ C∞0 (R
m), then we will write (A,B; p, q) ∈ S or equally will
talk that the four (A,B; p, q) is Sobolev’s four.
Hereafter C,Cj will denote any non-essential finite positive constants. We define
also for the values (p1, p2), where 1 ≤ p1 < p2 ≤ ∞
L(p1, p2) = ∩p∈(p1,p2) Lp.
2 Necessary condition for Sobolev inequality
with monomial weight
Denote
D(A) =
m∑
i=1
A(i) +m, D(B) =
m∑
i=1
B(i) +m. (2.0)
Theorem 2.1. Suppose m ≥ 1, D(A) > 1, D(B) > 0. If the four (A,B; p, q) is
the Sobolev’s four, then
q =
D(B) p
D(A)− p
. (2.1)
As a consequence: in this case p < D(A).
Proof. The relation (2.1) may be obtained by means of the so-called dilation
method, or equally scaling method, see [31], [32]. This method was used, e.g., in [24],
[25], [27], [41].
In detail, let us define as usually the family of dilation operators Tλ[u], λ ∈
(0,∞), u : Rm → R, of a form:
Tλ[u](x) = u(λ · x). (2.2)
Obviously, if u(·) ∈ C∞0 (R
m), then Tλu(·) ∈ C
∞
0 (R
m).
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Let u = u(x) be some non-zero function from the set ∈ C∞0 (R
m) for which
the inequality (1.6) is satisfied. We deduce substituting into (1.6a) the function
uλ = Tλu
Lλ := |uλ(·)|q,µB ≤ KA,B(p, q) · |∇uλ(·)|p,µA =: R(uλ) = RA,B;p,q(uλ) =: Rλ. (2.3)
It is easy to conclude
Lλ = λ
−(m+
∑
B(i))/q L = λ−D(B)/q L,
Rλ = λ
1−(m+
∑
A(i))/p R = λ1−D(A)/p R.
We have substituting into (1.6a)
λ−D(B)/q L ≤ KA,B(p, q) λ
1−D(A)/p R. (2.4)
The last inequality (2.4) may be true for arbitrary positive value λ if and only if
−D(B)/q = 1−D(A)/p,
which is equivalent to the equality (2.1).
Remark 2.1. In the case when A = B or at least if
∑
B(i) =
∑
A(i), the
relation (2.1) coincides with the sufficient condition number ”(1.5)” for the monomial
Sobolev’s inequality in the article [36].
3 Necessary condition for traces Sobolev’s in-
equalities with monomial weight
Let us consider in this section the trace inequality Sobolev’s type with monomial
weight of the form
(∫
Rr
|x|B |u(x, 0)|q dx
)1/q
≤ KTrA,B(p, q) ·
(∫
Rd
|{x, y}|A |∇u(x, y)|p dxdy
)1/p
=
KTrA,B(p, q) ·
(∫
Rd
|z|A |∇u(z)|p dz
)1/p
. (3.1)
Here z = ~z = {x, y},
dim x = r, 1 ≤ r < d, d = dim{x, y} = r + dim y, B = (B(1), B(2), . . . , B(r)),
B(i) ≥ 0, A = (A(1), A(2), . . . , A(r), A(r + 1), . . . , A(d)), A(j) ≥ 0;
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|x|B =
r∏
i=1
|xi|
B(i), |{x, y}|A =
r∏
j=1
|xj |
A(j) ·
d∏
k=r+1
|yk|
A(k), (3.2)
and we define
Dr(B) = r +
r∑
i=1
B(i),
so that Dm(A) = D(A).
We find as before:
Theorem 3.1. Assume D(A) > 1. If the inequality (3.1) holds true for arbitrary
function u(·) from the space C∞0 (R
d), then
q =
Dr(B) p
D(A)− p
. (3.3)
As a consequence: in the considered case as before p < D(A).
4 Grand Lebesgue Spaces.
Definition.
Recently, see [16], [10], [11], [12], [13], [14], [22], [23], [24], [25], [26], [27] etc.
appears the so-called Grand Lebesgue Spaces GLS = G(ψ) = G(ψ; a, b), a, b =
const, a ≥ 1, a < b ≤ ∞, spaces consisting on all the measurable functions f : T →
R, where (T = {t},M, ν) is measurable space with non-trivial sigma-finite measure
ν, having finite norms
||f ||G(ψ) = ||f ||G(ψ; ν)
def
= sup
p∈(a,b)
[|f |p,ν/ψ(p)] , (4.1)
|f |p,ν :=
[∫
T
|f(t)|p ν(dt)
]1/p
.
Here ψ(·) is some continuous positive on the open interval (a, b) function such that
inf
p∈(a,b)
ψ(p) > 0.
We can suppose without loss of generality
inf
p∈(a,b)
ψ(p) = 1.
Notation: (a, b) = suppψ.
As the capacity of the measure ν may be picked the measures µA or µB in the
case of course when T = Rm equipped with Borelian sigma field M. In this case we
will denote for brevity
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||f ||G(ψ;µA) = ||f ||A(G(ψ)). (4.2)
This spaces are rearrangement invariant, see [2], and are used, for example, in
the theory of probability [17], [16], [22]; theory of Partial Differential Equations [11],
[14]; functional analysis [25], [26]; theory of Fourier series [28], theory of martingales
[23] etc.
Let δ = const > 0; the fundamental function φ(δ) = φG(ψ)(δ) of the space G(ψ)
may be calculated as follows:
φG(ψ)(δ) = sup
p∈(a,b)
[
δ1/p
ψ(p)
]
. (4.3)
This function play a very important role in the theory of Fourier series, operator
theory etc., see [2]. We intend to use further this notion in the theory of Sobolev’s
monomial inequalities.
Suppose now the measure ν in (4.1) is probabilistic: ν(T ) = 1, and let the func-
tion ψ = ψ(p) be such that suppψ = (1,∞). Then the Grand Lebesgue Space G(ψ)
coincides up to norm equivalence to the subspace of all mean zero:
∫
T f(t) ν(dt) = 0
measurable function (random variables) of the so-called exponential Orlicz space
L(N) = L(N ;T, ν) with exponential Orlicz-Young function N = N(u), and con-
versely proposition is also true: arbitrary exponential Orlicz space L(N) coincides
with some Grand Lebesgue Space, see [16].
We intend to obtain in the next section the Sobolev’s inequalities with monomial
weight for Grand Lebesgue Spaces; thus, we will obtain as a slight generalization
these inequalities for exponential Orlicz spaces due in the article [36].
5 Sobolev’s inequality for weighted Grand
Lebesgue Spaces.
We assume during this section in the monomial Sobolev’s inequality A = B, 1 ≤
p < D(A).
Some new notations. As long as in this section A = B, we denote for simplicity
D = D(A); recall that we suppose D > 1.
Further, we denote following [36]
C1 = D ·
(
Γ((1 + A(1))/2) Γ((1 + A(2))/2) . . .Γ((1 + A(m))/2)
2k Γ((1 +D)/2)
)1/D
, (5.1)
C(p) = C1 ·D
1/D−1−1/p ·
(
p− 1
D − p
)1/p′
·
(
p′ Γ(D)
Γ(D/p) Γ(D/p′)
)1/D
, (5.2)
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where p′ = p/(p − 1), 1 < p < D and k is the number of positive entries in the
vector A.
It is easily to verify that C(p) is continuous function in a semi - closed segment
1 ≤ p < D :
lim
p→1+0
C(p) = C1,
and that as p→ D − 0
C(p) ∼ C1 (D − p)
−(1−1/D).
This constant (more exactly, function on p) are the exact constants in the mono-
mial Sobolev’s inequality
(∫
|x|A |u(x)|q dx
)1/q
≤ C(p) ·
(∫
|x|A |∇u(x)|p dx
)1/p
, (5.3)
where the expected value q is following:
q = D p/(D − p); (5.4)
obtained in the article [36] by means of isoperimetric inequalities .
”It is a surprising fact that the weight xA is not radially symmetric but still Eu-
clidean balls centered at the origin (intersected with Rn) minimize this isoperimetric
quotient”, [36].
The equality (5.4) defines uniquely the value p as a function on q : p = p(q) =
qD/(q +D) and inversely q as a function on p. Herewith
1 ≤ p < D ⇔
D
D − 1
< q <∞.
Let ψ(·) be arbitrary function from the set GΨ(1, D).We define the new function
ζψ(q) = ζ(q) from the set GΨ(D/(D − 1),∞) as follows:
ζψ(q) = C
(
Dq
D + q
)
· ψ
(
Dq
D + q
)
, q ∈ [D/(D − 1),∞). (5.5)
Theorem 5.1. The following Sobolev’s type inequality holds:
||u||G(ζA) ≤ 1 · ||∇u||G(ψA), (5.6)
and the constant ”one” in the inequality (5.6) is the best possible.
Remark 5.1. It is presumed in the assertion (5.6) of theorem 5.1 that the
right-hand side of the proposition of theorem 5.1 is finite.
Proof.
A. The upper bound. Let the function u = u(x) be such that
∇u ∈ ∩p∈(1,D)W
1
p (R
m)
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and
||∇u||G(ψA) ∈ (0,∞);
we can assume without loss of generality
||∇u||G(ψA) = 1.
It follows from the direct definition of norm for the G(ψ) spaces that
|∇u|p,µ(A) ≤ ψ(p), p ∈ (1, D).
We use now the inequality (5.3):
|u|q,A ≤ C(p) · ψ(p), p ∈ (1, D). (5.7)
Since the inequality (5.7) is valid for all the values inside the whole segment (1, D),
it may be rewritten taking into account the monotonicity of the function q → p(q)
as follows:
|u|q,A ≤ C(p(q)) · ψ(p(q)) = ζ(q), q ∈ (D
′,∞). (5.8)
The proposition of theorem 5.1 follows immediately from (5.8) after the substi-
tution
p =
Dq
D + q
, q ∈ (D(D − 1),∞)
by virtue of the direct definition of the norm in GLS:
||u||G(ζA) ≤ 1 = 1 · ||∇u||G(ψA). (5.9)
B. Proof of the low bound.
The case A = B = 0 is provided in [39] by means of construction of corresponding
example; the general case follows immediately from the main result of the article
[40].
6 Trace Sobolev’s inequality for monomial Grand
Lebesgue Spaces. Radial case.
We consider in this section only radial functions u(z) = u(x, y) = u(|z|). Here
q =
p Dr(B)
D(A)− p
def
=
p Dr
D − p
, 1 ≤ p < D;
and we consider in this section the trace inequality Sobolev’s type with monomial
weight of the form
(∫
Rr
|x|B |u(x, 0)|q dx
)1/q
≤ KTrA,B(p, q) ·
(∫
Rd
|{x, y}|A |∇u(x, y)|p dxdy
)1/p
=
9
KRA,B(pq), ·
(∫
Rd
|z|A |∇u(z)|p dz
)1/p
, KRA,B(pq)
def
= KR. (6.1)
for radial functions.
Recall that the Jacobian of the spherical r − dimensional coordinates relative
the ordinary Euclidean ones Jr(ρ, θ), θ ∈ Θr has a form
Jr(ρ, θ) = ρ
r−1Ωr(θ),
and analogously
Jd(ρ, φ) = ρ
d−1Ωd(φ), φ ∈ Θd.
Define the following integrals:
ωqr(B) :=
∫
Θr
ΩB+1r (θ) dθ, ω
p
d(A) =
∫
Θd
ΩA+1r (φ) dφ, (6.2)
A+1 = {A(1)+1, A(2)+1, . . . , A(d)+1}, B+1 = {B(1)+1, B(2)+1, . . . , B(r)+1}.
The integrals (6.2) are in fact calculated in [36].
For the radial functions u = u(|z|) the inequality (6.1) nay be transformed as
follows:
[∫ ∞
0
ρDr−1 |u(ρ)|q dρ
]1/q
≤ ωd(A) ω
−1
r (B) K
R
A,B(p, q)×
[∫ ∞
0
ρD−1 |u′(ρ)|p dρ
]1/p
, (6.3)
or equally
[∫ ∞
0
sDr−1ds ·
∣∣∣∣
∫ ∞
s
g(t) dt
∣∣∣∣
]1/q
≤WA,B(p, q; r, d) ·
[∫ ∞
0
|g′(s)|p ds
]1/p
, (6.3a)
where
WA,B(p, q; r, d) = ωd(A) ω
−1
r (B) K
R
A,B(p, q).
Moreover, we will understand under the value WA,B(p, q; r, d) its optimal, i.e. mini-
mal value.
Denote also
M =MA,B(p, q; r, d) = D
−1/r
r ·
(
p− 1
D − r
)1−1/p
,
Q = QA,B(p, q; r, d) =
(
q
q − 1
)1−1/p
· q1/q.
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Theorem 6.1. Under formulated above conditions
MA,B(p, q; r, d) ≤ WA,B(p, q; r, d) ≤MA,B(p, q; r, d) ·QA,B(p, q; r, d). (6.4)
Proof. It is sufficient to use the result belonging to Bradley [6]; see also the
famous monograph of Maz’ja [19], p. 45, Theorem 3. This estimate is a weight
generalization of the classical Hardy-Littlewood inequality.
Remark 6.1. Evidently, the lower bound for the ”constant” WA,B(p, q; r, d) in
(6.4) is simultaneously lower bound for arbitrary trace monomial Sobolev’s inequal-
ity, not only for the radial functions.
7 Continuity of a function from weighted
Sobolev-Grand Lebesgue spaces.
We suppose in this section p > D := D(A).
The following inequality was done again in the article [36] (Theorem 1.6): there
exists a constant C = C(D(A), p), depending only on p and D(A) such that up to
redefinition of the function u = u(x) in the set of zero measure
sup
x 6=y
[
|u(x)− u(y)|
|x− y|1−D(A)/p
]
≤ C(D(A), p) ·
(∫
|x|A |∇u(x)|p dx
)1/p
, (7.1)
weighted version of the Morrey inequality, which may be rewritten as follows:
ω(u, δ) ≤ C(D, p) δ1−D/p
(∫
|x|A |∇u(x)|p dx
)1/p
, (7.1a)
where ω(u, δ), δ > 0 is module of continuity of the function u(·).
The value C(D, p) = C(D(A), p) may be estimated after some calculation as
follows:
C(D, p) ≤ C2(D) ·
p
p−D
, C2(D) <∞; (7.2)
therefore
ω(u, δ) ≤ C2(D)
p
p−D
· δ1−D/p ·
(∫
|x|A |∇u(x)|p dx
)1/p
. (7.3)
Suppose now that the function |∇u| belongs to some GLS G(ψ) relative the
measure µA in the whole space R
m such that suppψ ⊂ (D,∞) :
(∫
|x|A |∇u(x)|p dx
)1/p
≤ ψ(p) ||∇u||G(ψA), p ∈ suppψ. (7.4)
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Denote
ψ(D)(p) = C2(D) ·
p
p−D
· ψ(p), (7.5)
then it follows from (7.3)
ω(u, δ)
||∇u||G(ψ
(D)
A ) · δ
≤
δ−D/p
1/ψ(D)(p)
. (7.6)
Since the last inequality is true for all the values p from the set suppψ = suppψ(D),
we can take the minimum on the right - hand side of inequality (7.6):
ω(u, δ)
||∇u||G(ψ
(D)
A ) · δ
≤ inf
p∈suppψ
[
δ−D/p
1/ψ(D)(p)
]
=
{
1
supp∈suppψ[δ
D/p/ψ(D)(p)]
}
=
1
φ(G(ψ(D)), δD)
; (7.7)
recall that φ(G(ψ), δ) denotes the fundamental function of the space G(ψ) at the
point δ.
Thus, we proved in fact the following proposition.
Theorem 7.1. We obtained under formulate above conditions that up to redef-
inition of the function u = u(x) in the set of zero measure
ω(u, δ) ≤
||∇u||G(ψ
(D)
A ) · δ
φ(G(ψ(D)), δD)
, δ > 0. (7.8)
8 Concluding remarks.
A. Open question. It is very interest by our opinion to find the sharp value of
”constants” for monomial weighted Sobolev’s trace inequality.
B. Second open question. Is the Sobolev monomial inequality true for the
different powers A,B and when p, q satisfying the relation (2.1) of theorem 2.1?
C. Extension. It is no hard to generalise the monomial trace Sobolev’s inequal-
ity to Grand Lebesgue Spaces, but without exact constant computation.
More interest problem is the extension of these inequalities on Lorentz,
Marcinkiewicz etc. spaces, instead the classical Lebesgue-Riesz spaces.
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